Abstract. A Kleinian group Γ < Isom(H 3 ) is called convex cocompact if any orbit of Γ in H 3 is quasiconvex or, equivalently, Γ acts cocompactly on the convex hull of its limit set in ∂H 3 . Subgroup stability is a strong quasiconvexity condition in finitely generated groups which is intrinsic to the geometry of the ambient group and generalizes the classical quasiconvexity condition above. Importantly, it coincides with quasiconvexity in hyperbolic groups and convex cocompactness in mapping class groups.
Introduction
There has been much recent interest in generalizing salient features of Gromov hyperbolic spaces to more general contexts, including their boundaries and convexity properties of nicely embedded subspaces. Among these are the Morse property, its generalization to subspaces, stability, and the Morse boundary. In this article, we use the Morse boundary to prove that stability for subgroups of finitely generated groups is naturally a convex cocompactness condition in the classical boundary sense. We begin with some motivation from Kleinian groups and mapping class groups.
A nonelementary discrete (Kleinian) subgroup Γ < PSL 2 (C) determines a minimal Γ-invariant closed subspace Λ(Γ) of the Riemann sphere called its limit set and taking the convex hull of Λ(Γ) determines a convex subspace of H 3 with a Γ-action. A Kleinian group Γ is called convex cocompact if it acts cocompactly on this convex hull or, equivalently, any Γ-orbit in H 3 is quasiconvex. Another equivalent characterization is that such a Γ has a compact Kleinian manifold; see [Mar74, Sul85] .
Originally defined by Farb-Mosher [FM02] and later developed further by Kent-Leininger [KL08] and Hamenstädt [Ham05] , a subgroup H < Mod(S) is called convex cocompact if and only if any H-orbit in T (S), the Teichmüller space of S with the Teichmüller metric, is quasiconvex, or H acts cocompactly on the weak hull of its limit set Λ(H) ⊂ PML(S) in the Thurston compactification of T (S). This notion is important because convex cocompact subgroups H < Mod(S) are precisely those which determine Gromov hyperbolic surface group extensions.
In both of these examples, convex cocompactness is characterized equivalently by both a quasiconvexity condition and an asymptotic boundary condition. In [DT15b] , Taylor and the second author introduced stability in order to characterize convex cocompactness in Mod(S) by a quasiconvexity condition intrinsic to the geometry of Mod(S). In fact, stability naturally generalizes the above quasiconvexity characterizations of convex cocompactness to any finitely generated group.
In this article, we use the Morse boundary to define an asymptotic property for subgroups of finitely generated groups called boundary convex cocompactness which generalizes the classical boundary characterization of convex cocompactness from Kleinian groups. Our main theorem is: Theorem 1.1. Let G be a finitely generated group. Then H < G is boundary convex cocompact if and only if H is stable in G.
Before moving on to the definitions, we discuss the situation in hyperbolic groups. Let H be a quasiconvex subgroup of a hyperbolic group G. Then H has a limit set Λ(H) ⊂ ∂ Gr G, the Gromov boundary of G, and one can define the weak hull of Λ(H) to be the union of all geodesics in G connecting distinct points in Λ(H). Swenson [Swe01] proved that H acts cocompactly on this weak hull if and only H is quasiconvex in G. Hence a quasiconvex subgroup of a hyperbolic group satisfies a boundary characterization of convex cocompactness intrinsic to the ambient geometry.
Stability generalizes quasiconvexity to any finitely generated group, and similarly the Morse boundary generalizes the Gromov boundary. Thus Theorem 1.1 is a generalization of the hyperbolic case to any finitely generated group.
Stability and the Morse boundary. We start with the definition of a Morse quasigeodesic:
We call N the Morse gauge of γ.
Note that if X is hyperbolic, then every geodesic in X is Morse with a uniform gauge. If G is a finitely generated group, then we call g ∈ G a Morse element if its orbit in any Cayley graph of G is a Morse quasigeodesic. Some examples of Morse elements include rank-1 elements of CAT(0) groups [BC12] , pseudo-Anosov elements of mapping class groups [Beh06] , fully irreducible elements of the outer automorphism groups of free groups [AK11] , and rank-one automorphisms of hierarchically hyperbolic spaces [DHS16] .
We can now give a formal definition of stability: Definition 1.3 (Stability). If f : X → Y is a quasiisometric embedding between geodesic metric spaces, we say X is a stable subspace of Y if there exists a Morse gauge N such that every pair of points in X can be connected by an N -Morse quasigeodesic in Y ; we call f a stable embedding. If H < G are finitely generated groups, we say H is stable in G if the inclusion map i : H → G is a stable embedding.
We note that stable subgroups are always hyperbolic and quasiconvex regardless of the chosen word metric on G-stability and quasiconvexity coincide in hyperbolic spaces-and stability is invariant under quasiisometric embeddings [DT15b] .
Introduced by the first author in [Cor15] for proper geodesic spaces and later refined and generalized to geodesic spaces in [CH16] , the Morse boundary of a geodesic metric space X, denoted ∂ M X e , consists, roughly speaking, of asymptotic classes of sequences of points which can be connected to a fixed basepoint e ∈ X by Morse geodesic rays; see Subsection 2.2 for the formal definition. Importantly, it is a visual boundary, generalizes the Gromov boundary when X is hyperbolic, and quasiisometries induce homeomorphisms at the level of Morse boundaries.
Boundary convex cocompactness. Let G be a finitely generated group acting by isometries on a proper geodesic metric space X. Fix a basepoint e ∈ X. One can define a limit set Λ e (G) ⊂ ∂ M X e as the set of points which can be represented by sequences of G-orbit points; note that Λ e (G) is obviously G-invariant. One then defines the weak hull H e (G) of Λ e (G) in X by taking all geodesics with distinct endpoints in Λ e (G). See Section 3 for the precise definitions. Definition 1.4 (Boundary convex cocompactness). We say that G acts boundary convex cocompactly on X if the following conditions hold:
(1) G acts properly on X; (2) For some (any) e ∈ X, Λ e (G) is nonempty and compact; (3) For some (any) e ∈ X, the action of G on H e (G) is cocompact.
Definition 1.5 (Boundary convex cocompactness for subgroups). Let G be a finitely generated group. We say H < G is boundary convex cocompact if H acts boundary convex cocompactly on any Cayley graph of G with respect to a finite generating set. Theorem 1.1 is an immediate consequence of the following stronger statement: Theorem 1.6. Let G be a finitely generated group acting by isometries on a proper geodesic metric space X. Then the action of G is boundary convex cocompact if and only if some (any) orbit of G in X is a stable embedding. In either case, G is hyperbolic and any orbit map orb e : G → X extends continuously and Gequivariantly to an embedding of ∂ Gr G which is a homeomorphism onto its image Λ e (G) ⊂ ∂ M X e .
We note that Theorem 1.1 and [DT15b, Proposition 3.2] imply that boundary convex cocompactness is invariant under quasiisometric embeddings.
Remark 1.7 (On the necessity of the conditions in Definition 1.4). The compactness assumption on Λ e (G) is essential: Consider the group G = Z 2 * Z * Z = a, b * c * d acting on its Cayley graph with the subgroup H = a, b, c . Since the H is isometrically embedded and convex in G, it follows that ∂ M H e ∼ = Λ e (H) ⊂ ∂ M G e and H e (H) = H for any e ∈ G, whereas H is not hyperbolic and thus not stable in G.
While compactness of Λ e (G) does imply that H e (G) is stable in X (Proposition 4.2), it is unclear how to leverage this fact into proving properness or cocompactness of the G-action, even in the presence of one or the other. Remark 1.8 (Stability versus boundary convex cocompactness). We expect that stability will be a much condition to check in practice than boundary convex cocompactness. Our purpose is to prove that stability generalizes multiple classical notions of convex cocompactness and is thus the correct generalization of convex cocompactness to finitely generated groups. Remark 1.9 (Conical limit points). In addition to the above discussed notions for Kleinian groups, there is characterization for convex cocompactness in terms of limit points, namely that every limit point is conical. Kent-Leininger develop a similar characterization of this for subgroups of Mod(S) acting on T (S)∪PML(S). We believe that there is a similar conicality characterization for subgroup stability with respect to limit sets in the Morse boundary. However, we have chosen not to pursue this here in interest of brevity. Moreover, it's unclear how useful such a characterization would be.
Stability and boundary convex cocompactness in important examples. Since stability is a strong property, it is interesting to characterize and produce stable subgroups of important groups. There has been much recent work to do so, which we will now briefly overview.
(1) For a relatively hyperbolic group (G, P), Aougab, Taylor, and the second author [ADT16] prove that if H < G is finitely generated and quasiisometrically embeds in the associated coned space [Far98] , then H is stable in G. Moreover, if we further assume that the subgroups in P are one-ended and have linear divergence, then quasiisometrically embedding in the coned space is equivalent to stability. (2) For Mod(S), that subgroup stability and convex cocompactness in the sense of [FM02] are equivalent was proven by Taylor and the second author [DT15b] . (3) For the right-angled Artin group A(Γ) of a finite simplicial graph Γ which is not a join, Koberda-Mangahas-Taylor [KMT14] proved that stability for H < A(Γ) is equivalent to H being finitely generated and purely loxodromic, i.e. each element acts loxodromically on the associated extension graph Γ e , a curve graph analogue. They also prove that stable subgroups satisfy a strictly weaker condition called combinatorial quasiconvexity, sometimes called convex cocompactness [Hag08] ; we note that, unlike stable subgroups, combinatorially quasiconvex subgroups need not be hyperbolic.
(4) For Out(F), the outer automorphism group of a free group on at least three letters, work in [ADT16] proves that a subgroup H < Out(F) which has a quasiisometrically embedded orbit in the free factor graph F is stable in Out(F). This is related to and builds on others' work as follows: Hamenstädt-Hensel [HH14] proved that a subgroup H < Out(F) quasiisometrically embedding in the free factor graph is equivalent to a certain convex cocompactness condition in the projectivization of the Culler-Vogtmann outer space and its boundary which is analogous to that the Kent-Leininger condition on T (S) ∪ PML(S).
Following [HH14] , we shall call such subgroups convex cocompact. By work of DowdallTaylor [DT14, DT15a] , quasiisometrically embedding in the free factor graph implies a stability-like property for orbit maps in outer space; we note that when such a group is also fully atoroidal, they prove the corresponding free group extension is hyperbolic. In [ADT16] , the authors prove this stability property pulls back to genuine stability in Out(F). We summarize these results in the following theorem: KMT14, ADT16] ). Suppose that the pair H < G satisfies one of the following conditions:
(1) H is a quasiconvex subgroup of a hyperbolic group G; (2) G is relatively hyperbolic and H is finitely generated and quasiisometrically embeds in the coned space associated to G in the sense of [Far98] ; (3) G = A(Γ) for Γ a finite simplicial graph which is not a join and H is finitely generated and H quasiisometrically embeds in the extension graph Γ e [KMT14]; (4) G = Mod(S) and H is a convex cocompact subgroup in the sense of [FM02] ; (5) G = Out(F) and H is a convex cocompact subgroup in the sense of [HH14] . Then H is stable in G. Moreover, for (1), (3), and (4), the reverse implication also holds.
As a corollary of Theorem 1.1, we have: Corollary 1.11. Suppose H < G are as any of (1)-(5) in Theorem 1.10. Then H is boundary convex cocompact.
Item (1) in Corollary 1.11 is originally due to Swenson [Swe01] . In examples (2)-(5), each of the previously established boundary characterizations of convex cocompactness was in terms of an external space. Corollary 1.11 provides a boundary characterization of convex cocompactness which is intrinsic to the geometry of the ambient group.
We note that Hamenstädt has announced that there are stable subgroups of Out(F) which are not convex cocompact in the sense of [HH14] , but such subgroups would be convex cocompact both in the quasiconvex and boundary senses.
Finally, we see that boundary convex cocompactness is generic in these main example groups. For any such group G and probability measure µ thereon, consider k ≥ 2 independent random walks (w 1 n ) n∈N , . . . , (w k n ) n∈N whose increments are distributed according to µ. For each n, let Γ(n) = w 1 n , . . . , w k n ≤ G. Following Taylor-Tiozzo [TT16] , we say a random subgroup of G has a property P if P[Γ(n) has P ] → 1. In the following, (1) is a consequence of [TT16] , (3) of [KMT14] , and (2), (4)-(5) of [ADT16] : KMT14, ADT16] ). Suppose that G is any of the groups in (1)-(5) of Theorem 1.10. Then a k-generated random subgroup of G is stable.
Hence, Theorem 1.1 gives us: Corollary 1.13. Suppose G is any of the groups in (1)-(5) of Theorem 1.10. Then a k-generated random subgroup of G is boundary convex cocompact.
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Background
We assume the reader is familiar with basics of δ-hyperbolic spaces and their Gromov boundaries. In this subsection we recall some of the basic definitions. For more information, see [BH99, III.H].
2.1. Gromov boundaries.
Definition 2.1. Let X be a metric space and let x, y, z ∈ X. The Gromov product of x and y with respect to z is defined as
Let (x n ) be a sequence in X. We say (x i ) converges at infinity if (
We denote the equivalence class of (x n ) by lim x n .
The sequential boundary of X, denoted ∂X, is defined to be the set of convergent sequences considered up to equivalence.
Definition 2.2. [BH99, Definition 1.20] Let X be a (not necessarily geodesic) metric space. We say X is δ-hyperbolic if for all w, x, y, z we have
If X is δ-hyperbolic, we may extend the Gromov product to ∂X in the following way:
where x, y ∈ ∂X and the supremum is taken over all sequences (x i ) and (y j ) in X such that x = lim x i and y = lim y j .
2.2. (Metric) Morse boundary. Let X be a geodesic metric space, let e ∈ X and let N be a Morse gauge. We define X (N ) e to be the set of all y ∈ X such that there exists a N -Morse geodesic [e, y] in X. e , we now consider the set of all Morse geodesic rays in X (with basepoint p) up to asymptotic equivalence. We call this collection the Morse boundary of X, and denote it by ∂ M X.
To topologize the boundary, first fix a Morse gauge N and consider the subset of the Morse boundary that consists of all rays in X with Morse gauge at most N :
that is an N -Morse geodesic ray with β(0) = p}. We topologize this set with the compact-open topology. This topology is equivalent to one defined by a system of neighborhoods, {V n (α) | n ∈ N}, at a point α in ∂ N M X p , which are defined as follows:
the set V n (α) is the set of geodesic rays γ with basepoint p and d(α(t), γ(t)) < δ N for all t < n, where δ N is a constant that depends only on N . Let M be the set of all Morse gauges. We put a partial ordering on M so that for two Morse gauges N, N ∈ M, we say N ≤ N if and only if N (λ, ) ≤ N (λ, ) for all λ, ∈ N. We define the Morse boundary of X to be The next lemma states that if a geodesic triangles ∆ has two Morse sides, then ∆ is slim and its third side is also Morse:
Lemma 2.5 (Lemma 2.2-2.3 in [Cor15] ). Let X be a geodesic space. For any Morse gauge N , there exists a gauge N such that the following holds: Let γ 1 , γ 2 : [0, ∞) → X be N -Morse geodesics such that γ 1 (0) = γ 2 (0) = e and let x 1 = γ 1 (v 1 ), x 2 = γ 2 (v 2 ) be points on γ 1 and γ 2 respectively. Let γ be a geodesic between x 1 and x 2 . Then the geodesic triangle γ 1 ([0,
The following is the standard fact that quasiisometries preserve the Gromov product:
Lemma 2.6. Suppose X and Y are proper Gromov hyperbolic metric spaces. If f : X → Y is a quasiisometric embedding, then there exist A ≥ 1, B > 0 such that for any x, y, z ∈ X, we have 1
We have the following well-known consequence:
Lemma 2.7. Suppose that f : X → Y is a quasiisometric embedding between proper Gromov hyperbolic spaces. Then the induced map ∂f : ∂X → ∂Y is a homeomorphism onto its image.
Stability. The following is [DT15b, Definition 3.1]:
Definition 2.8 (Stability 1). if for any K ≥ 1, C ≥ 0, there exists R = R(K, C) ≥ 0 such that if
We will use the following definition of stability which is equivalent via Lemma 2.4:
Definition 2.9 (Stability 2). Let X, Y be geodesic metric spaces and let f : X → Y be a quasiisometric embedding. We say X is stable in Y there exists a Morse gauge N such that any x, y ∈ f (X) are connected by a N -Morse geodesic in Y . We say that f is a stable embedding.
2.5.
Morse preserving maps. It will be useful for having a notion of when maps between metric spaces preserve data encoded by the Morse boundary.
Definition 2.10 (Morse preserving maps). Let X, Y be proper geodesic metric spaces and e ∈ X, e ∈ Y . We say that g : ∂ M X e → ∂ M Y e Morse-preserving if for each Morse gauge N , there exists another Morse gauge N such that g injectively maps ∂X
The following is a consequence of the definitions:
We note that if f : X → Y is a stable embedding, then all geodesics get sent to uniformly Morse quasigeodesics. Hence the induced map ∂f : ∂ M X → ∂ M Y is clearly Morse-preserving and:
Corollary 2.12. Let X, Y be proper geodesic metric spaces. If f : X → Y is a stable embedding, then the induced map ∂f : ∂ M X → ∂ M Y is a homeomorphism onto its image. Moreover, if f is the orbit map of a finitely generated group G acting by isometries on Y , then ∂f is G-equivariant.
The action of G on ∂ M X
In this section, we begin a study of the dynamics of the action of G on ∂ M X.
Definition of the G-action.
For the rest of this section, fix G a group acting by isometries on a proper geodesic metric space X and a base point e ∈ X.
Lemma 3.1. Given any Morse function N and g ∈ G, there exists a Morse function N depending only on N and g such that if (x n ), (y n ) ⊂ X (N ) e are asymptotic, then:
Proof. Since G is acting by isometries we see that g and g · x i are connected by a N -Morse geodesic. As in the proof of Proposition 3.15 in [CH16] we show that X (N ) g·e ⊂ X (N ) e for some N which depends only on N and d(g · e, e).
To prove the second part, we note that in the proof of Proposition 3.15 in [CH16] we also get that there exists a constant D such that for all x, y ∈ ∂X
Since G acts by isometries and (
to be asymptotic.
We may naturally extend the action of G on X to an action on the whole Morse boundary, ∂ M X, as follows:
is a sequence N -converging to a point λ ∈ ∂X (N ) e . For any g ∈ G, we define g · λ to be the asymptotic class of (g · x n ) ∈ ∂X (N ) e , where N is the Morse gauge from Lemma 3.1.
3.2. Definition of the limit set.
Definition 3.2 (Λ(G)). The limit set of the
The following lemma is an immediate consequence of the definitions and Lemma 3.1: Lemma 3.3. For any e, f ∈ X and corresponding natural change of basepoint homeomorphism
3.3. Limit geodesics and their properties. In Subsection 3.5, we will define the weak hull of Λ e (G) as all geodesics connecting points in Λ e (G). For now, however, we will focus our attention on a special class of visual geodesics arising naturally as limits of finite geodesics whose endpoint sequences converge to the Morse boundary. These geodesics are easier to work with and more obviously tied to the geometry of G.
Let (x n ), (y n ) ∈ X (N ) e be sequences asymptotic to λ − , λ + ∈ ∂X (N ) e respectively, with λ − = λ + . Let γ x,n = [e, x n ], γ y,n = [e, y n ] be N -Morse geodesics. Since X is proper, the Arzelà-Ascoli theorem implies that there exist geodesic rays γ x , γ y such that γ x,n , γ y,n subsequentially converge uniformly on compact sets to γ x , γ y . Let γ n be a geodesic joining γ x (n) and γ y (n) for each n ∈ N.
In fact, one can prove that (γ n ) has a Morse subsequential limit:
Lemma 3.4. Using the above notation, there exists a Morse gauge N and a biinfinite N -Morse geodesic γ : (−∞, ∞) → X such that γ n subsequentially converges uniformly on compact sets to γ. Moreover, we have that γ ⊂ N 4N (3,0) (γ x ∪ γ y ).
For each natural number n > R, let γ n be the geodesic between γ x (n) and γ y (n). By Lemma 2.5, we know that the triangle
From the choice of R, it follows that each γ n must intersect a compact ball of radius 4N (3, 0) centered at γ x (R). By Arzelá-Ascoli, there is a subsequence of {γ n } which converges to a biinfinite geodesic γ. Since every γ n is in the 4N (3, 0) neighborhood of γ x ∪ γ y , it follows that γ must be as well. From this, a standard argument implies that γ((−∞, 0]), γ([0, ∞)) are a bounded Hausdorff distance from γ x , γ y , respectively, where that bound depends on N .
Finally, it follows from the moreover statement of Lemma 2.5 that γ is N -Morse, where N depends on N because each γ n is N -Morse.
Definition 3.5 (Limit geodesics and triangles). Given (x n ), (y n ) ∈ X (N ) e and λ − , λ + ∈ ∂X (N ) e as above, we call γ x , γ y as described above a limit legs, and γ a limit geodesic for λ − , λ + . We call the triangle formed by γ x ∪ γ y ∪ γ a limit triangle based at e.
The next goal is to prove the following two propositions: Proof of Proposition 3.6. By Lemma 3.4, γ ⊂ N 4N (3,0) (γ x ∪ γ y ). Let w ∈ γ y and assume that w is not within 4N (3, 0) of a point in γ x . It suffices to find a point on γ within 4N (3, 0) of w. (A similar argument works when y is not within 4N (3, 0) of γ y .) Let z ∈ γ be the closest point on γ to w. By Lemma 2.5, each 4N (3, 0) -slim. Since the γ n subsequentially converges on compact sets to γ, it follows that for all ≥ 0, we have d(w, z) ≤ 4N (3, 0) + . Thus d(w, z) ≤ 4N (3, 0) and the proposition follows from a symmetric argument with w ∈ γ x . 3.4. Asymptoticity. In this subsection, we study the behavior of geodesics and geodesic rays asymptotic to points in ∂X (N ) e .
Definition 3.9 (Asymptotic rays). Let λ ∈ ∂X (N ) e and let γ : [0, ∞) → X with γ(0) = e be a limit leg for λ based at e. We say that a geodesic γ : [0, ∞) → X with γ (0) = e is asymptotic to λ if there exists K > 0 such that
The following is an immediate consequence of Corollary 2.6 in [Cor15] :
Lemma 3.10. There exists K 0 > 0 and Morse gauge N depending only on N such that the following holds: For any λ ∈ ∂X (N )
e , if γ, γ : [0, ∞) → X are geodesic rays with γ(0) = γ (0) which are asymptotic to λ, then γ, γ are N -Morse and
Definition 3.11 (Asymptotic, bi-asymptotic). Let γ : (−∞, ∞) → X be a biinfinite geodesic in X with γ(0) a closest point to e along γ. Let λ ∈ ∂X (N ) e . We say γ is forward asymptotic to λ if for any N -Morse geodesic ray γ λ : [0, ∞) → X with γ λ (0) = e, there exists K > 0 such that
We define backwards asymptotic similarly. If γ is forwards, backwards asymptotic to λ, λ , respectively, then we say γ is bi-asymptotic to (λ, λ ).
We note that it is an immediate consequence of Proposition 3.6 and Lemma 3.10 that limit geodesics are bi-asymptotic to their endpoints with a uniform asymptoticity constant.
Lemma 3.12. There exists a K 1 > 0 depending only on N such that the following holds: Let γ + , γ − be N -Morse geodesic rays with γ + (0), γ − (0) = e, and let γ be a bi-infinite geodesic such that both
Furthermore, there exist S, R ∈ [0, ∞) such that the following holds:
Proof. Up to reparameterization we may assume that γ(0) is the point on γ closest to e. By assumption we know that there is a constant K > 0 such that d Haus (γ([0, ∞)), γ + ) < K. Let t ∈ [6K, ∞) and let t ∈ [0, ∞) be such that γ(t ) is the closest point along γ to γ + (t). We claim
It suffices to check the standard inequality with vertices in different segments of φ. First suppose that u ∈ [e, γ(0)] and v ∈ [γ(0), γ(t )]; the case that u ∈ [γ(t ), γ + (t)] and v ∈ [γ(0), γ(t)] is similar.
We know that d(u, γ(0)) ≤ d(u, v) because γ(0) is a nearest point to e along γ. Note that (0)) by the triangle inequality. Let d φ (u, v) denote the distance along φ between u and v. We have:
Figure 3.1. Lemma 3.12
, v] and denote its arclength by ξ . Since t ∈ [6K, ∞), we know that d(u, v) ≥ t − 2K ≥ 2 3 t and d(γ(0), γ(t )) = t < t + 2K < 2t. Putting these inequalities together:
Thus φ is a (5, 0)-quasi geodesic. By Lemma 2.4, it follows that d Haus (φ, [e, γ + (t)) < N (5, 0). Hence there exist S ≥ 0 and The following proposition will allow us to define the weak hull in the next subsection: Proposition 3.13. There exists K 2 > 0 depending only on N such that the following holds: Let λ − , λ + ∈ ∂X (N ) e be distinct points. If γ, γ : (−∞, ∞) → X are geodesics with γ(0), γ (0) closest points to e along γ, γ , respectively, such that γ, γ are bi-asymptotic to (λ − , λ + ), then
Proof. First assume γ is a limit geodesic.
Since γ is a limit geodesic, Lemma 2.5 implies that γ is N -Morse where N depends only on N . By Lemma 3.12, we know that there exist S, R ∈ [0, ∞) such that each of the following holds:
where K 1 depends only on N . We know then that d(γ(R), γ(S)) < 2K 1 . Putting together these facts, we get that the Hausdorff distance between γ, γ is less than 2K 1 .
It follows that any two geodesics γ, γ have Hausdorff distance bounded by K 2 = 4K 1 .
The following is an immediate corollary of Lemma 3.12 and Proposition 3.13:
Corollary 3.14. There exists K 1 such that for any distinct λ + , λ − ∈ ∂X (N ) e , any geodesic rays γ + , γ − asymptotic to λ + , λ − respectively with γ + (0) = γ − (0) = e, and any bi-infinite geodesic γ bi-asymptotic to λ + , λ − , the triangle γ + ∪ γ ∪ γ − is K 1 -slim.
3.5. The weak hull H e (G). We are ready to define the weak hull of G in X.
Definition 3.15. The weak hull of G in X based at e ∈ X, denoted H e (G), is the collection of all biinfinite rays γ which are bi-asymptotic to (λ, λ ) for some λ = λ ∈ Λ e (G).
Note that Proposition 3.13 says that any two rays γ, γ ∈ H e (G) that are both bi-asymptotic to (λ, λ ) have bounded Hausdorff distance, where that bound depends on the stratum X (N ) e in which the sequences defining λ, λ live. Also note that the proof of Lemma 3.4 implies that limit geodesics are in H e (G).
The following lemma is evident from the definitions:
is nonempty and G-invariant.
The following is an interesting question:
In the case of CAT(0) spaces, this question has been affirmatively answered [Mur15, Lemma 4.9].
Boundary convex cocompactness and stability
In this section, we prove the main theorem, Theorem 1.6, namely that boundary convex cocompactness as in Definition 1.4 and stability as in Definition 2.9 are equivalent. 4.1. Compact of limit sets have stable weak hulls. For the rest of this section, fix a group G acting by isometries on a proper geodesic metric space X.
In this subsection, we will prove that if G has a compact limit set, then H e (G) is stable.
Lemma 4.1. If K ⊂ ∂ M X is nonempty and compact, then for any e ∈ X there exists N > 0 such that
e . Proof. We will closely follow the proof of Lemma 3.3 in [Mur15] .
Since X is proper, we use the fact that ∂X (N ) e is homeomorphic to ∂ N M X [CH16, Theorem 3.14]. Assume that K is not contained in ∂ N M X for any Morse gauge N . Then we know that there is a sequence (α i ) ⊂ K of N i -Morse geodesics where N i > N i−1 + 1 for all i. Let A n = {α i } i≥n+1 . We note that for all n and N , A n ∩ ∂ N M X is finite. Since singletons are closed in each ∂ N M X, each of which is Hausdorff, it follows that singletons are closed in ∂ M X. Thus A n is closed in ∂ M X by the definition of the direct limit topology.
The collection {∂ M X\A n } n∈N is an open cover of K, but each ∂ M X \ A n only contains a finite number of the α i , so that any finite subcollection of {∂ M X\A n } n∈N will only contain finitely many α i . This contradicts the fact that K is compact, completing the proof.
The following proposition is the main technical statement of this section: is compact for some (any) e ∈ X, then for each e ∈ X there exists a Morse gauge N such that H e (G) is N -stable. Proof. Let x, y ∈ H e (G). By Lemma 3.4, we may assume that x, y do not lie on the same geodesic. Let [x, y] be any geodesic between x and y.
Since H e (G) is a subspace with the induced metric, it suffices to prove that [x, y] is uniformly Morse. Moreover, since every hull geodesic lies within uniform Hausdorff distance of a limit geodesic by Proposition 3.13 and Lemma 4.1, it suffices to consider the case when x and y lie on limit geodesics by Lemma 2.4.
Let γ x , γ y be distinct limit geodesics on which x, y lie, respectively. By Proposition 3.6, there exist limit legs γ x , γ y based at e and points x ∈ γ x , y ∈ γ y such that d(x, x ), d(y, y ) ≤ 4N (3, 0).
Let γ be the limit geodesic which forms a limit triangle with limit legs γ x and γ y . Note by definition γ ∈ H e (G). By Proposition 3.6, the limit triangle γ ∪ γ x ∪ γ y is 4N (3, 0) N (1, 16N (3, 0) ) neighborhood of [x , y ]. An easy argument then implies that σ is uniformly Morse, from which it follows immediately that [x, y] is uniformly Morse.
4.2. Boundary convex cocompactness implies stability. We now prove the first direction of the main theorem: Theorem 4.3. Suppose G acts by isometries on a proper geodesic metric space X such that
(1) The action of G on X is proper, (2) Λ e (G) is nonempty and compact for any e ∈ X, and (3) G acts cocompactly on H e (G) for any e ∈ X. Then any orbit of G is a stable subspace of X and the orbit map extends continuously and Gequivariantly to an embedding of ∂ Gr G into ∂ M X e which is a homeomorphism onto its image Λ e (G).
Proof. Since G acts properly and cocompactly on H e (G), it follows that the orbit map g → g · e is a quasiisometry G → H e (G), where we consider H e (G) with the metric induced from X. In particular, G · e is quasiisometrically embedded in X.
